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ONE-DIMENSIONALANALYSISOF CHOKED-FLOWTURBINES1
By ROBERT E. ENGLISH and RIOHARDH. CAm’COHI

SUMMARY

Twbines for most applid.ww requiri~ high work owtput
per stqe have one or more bladerows which are choked. Thti
analyti indicated that the area ratws and egwivakmtbiiuie
speed are the controllingfactors in h des@a and operat+ of
such turbines. .For i%-cu-studchws of turbine, increasing the
e@xalent blade speed of a gwen stage maktx the internal
$OW CO?ldtiiO?lS k9S &d. h conddti within choke&
jlow turbines are not unusually sen.siiive to manufactwing
errors in area ratio euen near the stator choking limit. Sic’
criti are stated that will aid in wtabltihing from tit data of
multix@e turbines which blade rows are choked and which a+e
not. The rariation in internal jlow cOnd&Onswith operating
conditions for a turbi~ equipped with an adjmtabb s.?atoris
determinedfor one application of stator adjtwtment.

INTRODUCTION

Turbines for most applications requiring high work output
per stage have one or more blade rows which are choked for
at leawta part of the operating range. Choking is a condi-
tion which exists at a high pressure ratio and during which
rm increase in turbine pressure ratio with constant equiva-
lent blade speed does not affect the equivalent weight flow
of the turbine. As the pressure ratio is increased above
this choking value, the flow conditions upstream of the
choked throat are independent of the pressure ratio and
clopendent upon only the turbine geometry and the equiva-
lent blade speed.

An analysis of the flow conditions upstream of such a
choked throat is important for two reaaons:

(1) The basic “principles controlling the operation of
choked-flow turbines should be understood in order that
such principles may be effectively used in design and in
order that the data from tests of such turbines may be
analyzed.

(2) The comparative sensitivity of factom aflecting tur-
bine efficiency to operating conditions should be Imown if
choked-fknv turbines are to be operated effectively.

A method is described for extending the analysis to ticlude
flow having variations in entropy.

This report therefore presents a one-dimensional analysiE
made at the NACA Lewis laboratory during 1952 of flow

within turbines having choking in one or more blade rows
in order to .

“ (1) Indicate those factora which control turbine design
and operation

(2) Determine the effect of variation in operating condi-
tions on internal flow conditions

(3) Determine the effect of manufacturing errors on inter-
nal flow conditions

(4) Provide aids for analysis of turbine test data
The following oaaes are analyzed:
(1) A ohoked stator followed by a ohoked rotor
(2) A choked rotor followed by a choked stator
(3) .& stage having a choked stator and followed by a

choked stator
(4) A turbine having a choked first stator and a choked

last rotor, and followed by a choked exhaust nozzle
(5) A nonchoked stator followed by a choked rotor
(6) Two-stage turbine having one or more choked blade

rows .
(7) Turbine equipped with adjustable inlet stator.
The one-dimensional analysis is based on isentiopic flow

through succetwive throats. The results are thus qualita-
tive, showing trends and orders of magnitude.

SYMBOLS

The following symbols are &ed in this report:

A. flow area. sa ft ‘
a

%
9
J
k, 1,m, n
M,
M,

;
8
T

,1

sonic vdoci~, ~~- ftjsec

criticaIveIooi@ reIative to stator,
J%=’

ft/sec

critical valocity relative to rotor,
J%=’

ft/8ec
specific heat at oonstant pressure,Btu/(lb) (“R)
mass ratio, lb/slug
mechanical equivalent of heat, ftAb/Btti
constants
Mach number relative to rotor, W/a
lMach number relative to stator, V/a
pr~e, lb/sq ft absolute
gas constant, ft-lb/(lb) (“R)
eIltrOpy,Btu/(lb) (“R)
temperature, ‘R

~Snptu-mdMNAOATN 2810,“One-Dbmng&ndAnalyslsofOhokl-Flow‘l%rbln@by Rotmt E. Rn@.bandRlohardH. (YavksSi,19d2.

461



. —-——_ — — .

452

u
v
w
w

iii

a

P

Y
Is

o

P

$

.

Subscripts:
1,3,5, i’, 9
2,4,6,8, 10
c
Cr
u

z
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blade velocity, ft/sec
absolute velocity of gas, ft/sec
relative velocity of gas, ft/sec
rate of weight flow of gas, lb/see

speciiic-mas+flow parameter,
/avltPA.1

flow angle of absolute velocity of gas measured
from tangential direction (fig. 1), deg

flow angIe of reIative velocity of gas measured
bm tangential direction (@. I), deg -

ratio of specific heats
ratio of pressure to NACA standard sea-level

pressure, pj2116
ratio of temperature to NACA standard sea-

level temperature, T\518.4
density, lb/cu ft
reaction factor

axkd stations ahead of or-behind blade roivs
stations at throat9
compressor inlet conditions
critical, state at speed of sound
tangential component (positive in direction of

blade speed U)
axial component

Superscripts:
I stagnation state relative to stator
.Q stagnation state reIative to rotor

GENERAL ANALYSIS

The analysis presented herein is divided into two sections,
the GENERAL ANALYSIS, in which certain basic equations
are presented, and the ANALYSIS AND DISCUSSION, in
which various modifications of these basic equations are
developed and discussed. The greater part of this investi-
gation considers tmo or more choking throats; the remainder
treats rLturbine stage ha~~ a choked rotor but a nonchoked
stator. ,,

The basis of the analysis is an assumption of one-&meQ-
sional, isentropic flow at constant mean radius. Relative
motion of the blade rows results, in general, in changes in
stagnation enthalpy fkom’ one blade row to another. For
such an energy extraction tim a moving stream, the areas
of successive choking throats dii7erfrom one another. This
is in contrast with the common one-dimensional analysis
of choking in successive throats (ref. 1, pp. 70-72) for which
no energy is added to or extracted &em the moving stream;
in such rLcase, an assumption of constant entropy results
in equaI areas for the successive choking throats. Because
of the assumption of one-dimensiomd -isentropic flow at
constant mean radius, the results of the investigation are
qurditative.

The numerical subscripts and the axial stations within
the turbine are related in figure 1. The even numbers 2,4,
6, 8, and 10 represent stations at throats, and the odd num-

Rotar Ro

‘“-L~-
tabr

Oenter Jim .— -
(a)

~’ . Statar

I@

(b)

(a) Turbine mm seetion shom”ng numbered statiom
(b) Typical veloci@ diagram for first dage.

FIGURE 1.-sohematic illustrations shoting notation used,

hers 1, 3, 5, 7, and 9 represent stations ahead of or behind
blade rows.

The stagnation state relative to any particular blade ro\v
is assumed to be constant from the entrance to the exit of
each bhi.derow; that is, for example,

(1)

Although this assumption is not exactly satisfied in the
ymeral case, typical deviations from this assumption will
lot change the qualitative results of the analysis. For the
wumed condition of constant radius, each of the following
xw.esillustrates the flow conditions which may ekist without
~change in relative stagnation tempwature across the radial
Jement of a blade row:

(1) The flow does not shift radially across the blade row,
(2) For a stator, the flow at the entrance is isoenergetio,
(3) For a rotor, an isoenergetic flow at the entrance has

hfree-;ortex distribution of tangential velocity.
t the stagnation values of both temperature and entropy
we constant across a blade row, the stagnation pressure is
also constant.

The condition of “continuity of mass flow between two
throats, for example, 2 and 4, cm be stated.

.
P2AV9= P4A4W4 (2)

Equation (2) can be modi.f3edto read

(3)

..
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For choking at the &o throats,

y’_TTq=l
aar,2 a=r.4

and

1

(4)
1

(–)
P;_ P+ 2

~

Pa P4 7+1

For a perfect gas at constant entropy,

Y-I-1
p:a~,, , 2(7–1)
- .
p~aer,g (2z? (5)

Combining equations (l), (3), (4), and (6) yields

‘y-!-l
~ 2(7–1)

(7$= P
(6)

If station 4 is choked and station 2 is nonchoked, that is,

then

%=1 and,~<l
m. or,

1

p~V2 p,w,
()

2
—-—-<-= —

z
pialr,s piaI,,4 y+l

For this case, equation (3) reduces to

“V2=%H%Pp~al,,s

(7)

(8)

The strgmdion temperature relative to a stator and rela-
tive to a rotor may be stated in terms of the veIooity com-
ponents in the following way:

~p(TLfl.W (9)

V:+(vti-u)’CP(T”—T)=
2gJ (lo)

With the use of

c’=& (11)

and the definition of critical velocity, equations (9) and (10)
can be combined to yield

(12)

By 8mpIOyiIlg
V==w.+u

equation (12) can be changed to

(14)

The equations in this section are general in the sense that
they are applicable to any or all the axial stations in the
turbine. Equation (6), although derived by consider@
conditions at stations 2 and 4, may be employed to relate
temperatures and areas at any two choking stations; for
exgznple, equation (6) may be modiiied to read

(15)

Equations (12) to (14) are applicable to any particular axial
station; for example,

(16)

In order to show the relation among the reIative-absolute
stagnation-temperature ratio T“/T’, the blade speed pa-
rameter U/a:,, and the tangential velocity parameter
VJa’=, equation (12) was used to plot figure 2. A value of
4/3 for the ratio of apeci.& heats was employed in all the
calculations for the figures presented herein. The lines of
constant tangential velocity parameter VJa:r are parabolas
passing through the point (T”/T’= 1, U/a~,=O). Along a
line having a stagnation-temperature ratio T“/T’ of 1,

u v..7=27
ae~ a.

Tang&tlcd velokity

parameter,
~/a&

1.1 /
/

o. ~ ~

$

@o ‘
E
E .5
$

#

j .9 ~- ~
LO

-s
In

.8

.74
.5

Blade speed p~ameter, U,a:r
.7 .8

FIGURE2.—Vm”ation of stagnation-ternpemture ratio tith blade speed
parameter for various tangential veloci~ parametma (eq. (12)).

.
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sequently presented, show ‘the eilect of turbine manufacture
and operation on factors influencing the turbine performance;
namely, tangential velocity, entrance lMach number, turning
angle, reaction, mid weight flow. The following vmiubles
are postulated to be independent: arm ratios, flow angles at
blade-row &&, and blade speed. Blade speed is controllable
during turbine operation. Area ratios and blade exit angles
are wtabliehed during turbinemanufacture unless the oxlmust
nozzle or turbine stator is adjustable. In any event, the
turbine geometry wtabhhes the exit flow angle.

CHOKEDSTATOBFOLLOWRDBYCHOKRDROTOR

Stator exit tangential veloci~ parameter.—Equations (0)
and (12) were combined in order to’ determine the tmgcmtial
velocity parameter V%@’m,l, a factor which considerably
influences the turbine work.

–{ -+’-(2-1}’ ’17)
VU3 1 U+-f+la~l
a~,,l=~ ~ -y-l U

Equation (17) shows that for a given value of y the tangential
velocity parameter V%Ja~,,l may be expressed in terms of
the independent variables blade speed parameter U/a~,,, and
.EWEW~tio ~~lj ss WTM postulated. ‘ With th~ t~bhe rotor
choking, the tangential velocity parameter at the rotor en-
trance V%~a~.,, is independent of the over-all pressure ratio.

Thelinea of constant arearatio A4/A~in figure 3 are a graph-
ical representation of equation (17). The coordimtes am
tangential veloci@ parameter Vti,JaL,,i and blade speed
parsmeter U/aL.,; these same coordinates are used for most
of the figures concerning a choked stator followed by a
choked rotor. The lines of constant velocity ratio V.,s/U
are straight lines having’ slopes equal to the velocity ratio
V~U and passing through the origin. The ranges of
variablw presented are representative of most choked-flow
@xsft gas turbines.

For most of the range shown in figure 3, increasing the
blade speed parameter U/a~,,,along a line of constant area
ratio AJAZ causes a reduction in the tangential velocity
parameter Vz S/alr.1. For a turbine being operated with a
given set of inlet conditions, this means that increasing the
blade speed usually reduces the tangential velocity at the
stator exit; in turn, the resultant veloci@ at the stator mit
must decresse. The range over which this trend of changing
tangentisJ veloci~ parameter V%Ja~.,l with blade speed
parameter U/aL., is exhibited is more precisely delineated
by closer examination of equation (17).

Wn% the blade speed parameter U/a~,,I and the area ratio
A4/A, considered to be independent, equation (17) was
difbrentiated to yield

b ($) ,,

.
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Fmmm 3.—Effect of areamtio on velocity parameters at exit of choked
St+-itorfollowed by choked rotor (eq. (17)).

The minimums of these parabolas occur if

u v=---
acr am

The physical ,reason that thq stagnation-temperature ratio
T“/T’ is a minimum under this condition becomw apparent
upon examination of equation (10); for given values of axial
velocity V=and static temperature T,the stagnation tempera-
ture T“ is a minimum if Vw= U. A minimum value for the
stagnation-temperature ratio is thus collateral wih minimum
kinetic energy relative to the rotor.

COLIMTITEE FOR AERONAUTICS

~ ANALYSIS AND DISCUSSION

The modifications of thcqe basic equations. which are sub-

~ (j-) “
.5

(18)
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Equation (18) shows that

‘f%+ =1 >1 <1

a
V ~

()
+

‘he” * -0
()

<o >0

am,l

(19)

Thus, each of the lines of constant area ratio AJAZ reaches a
minimum where the veloci~ ratio .V%JU is unity; this

condition corresponds to axial relative flow at the rotor
entrance rmdis typical of a turbine stage having 50 percent
reaction and zero exit tangential velocity. A turbine having
n velocity ratio V%3/Uin the neighborhood of unity therefore
has essentially no change in tangential velocity parameter
with blade speed parameter; whereas a turbine having a
velocity ratio Vti,JU greater than unity experiences a de-
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FXaIJREA,—Relation among area ratio, rotor entrance

crease in tangentkd veIocity parameter with increasing blade
speed parameter. .

Rotor entranoe Mach number.-l?or either a choked or a
nonchoked stator, the relative Mach number at the rotor
entrance 11,,8may be,expressed
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(eqS. (17) and (20)).
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For a choked stator followed by a choked rotor, equation (17)
muy be used to replace the tangential velocity parameter
V.,Ja~,, I ti equation (20) by a function of area ratio A4JA,
rmd blade speed parameter U/a~,,1. For any given value of
specific heat ratio y, the rotor entrance Ma@ number .kG,s
in equation (20) can therefore be reduced to a function of
three vmiable~area ratio A.4/A*, blade speed parameter
U/aL~, and stator exit flow, angle as. The relation among

“r
L

J-\.9

— Stotor exit flow orqk a3,constant

————Spectticmiss flow,

(constont)

Bla

Stotor exit

flow Omjq

;:i

30

%

\
\
\

\
\
\
\

\
‘\ 20

\
\

speed porometer, U/a .1

FI~WRE5.—Comparative effect of assumption of both constant stator
exitflow angle and constant speciiic mass flow on rotor entrance
Mach number at area ratio of 1.5. ‘

.

these parameters is shown in figure 4. For stator choking,
the velocity at the throat (station 2) is equal to the entranco
value of critical Vdocity a~,I. At the stator choking fitit]

the stator exit velocity V3 is presumed to be e~ual to the
throat veloci& V, with the result that at the stator choking
limit

~=+=ms ~
V, a.,,,

For values of tangential velocity parameter VeJa~,, I abdvo
the stator chohng limit, lines of constant area ratio A4/Az
have been reproduced fkomfigure 3 (eq. (17)).

When figure 4 is whployed to estimate the vmi~tion in
rotor entrance Mach number i14,0Swith blade speed parame-
ter U/a.~,,l,an error is introduced by considering the stator
exit flow angle as to be constant. This error arisesbecause,
as the blade speed parameter is changed, the mass flow
through the stator will vary for. constant’ stator exit flow
angle ag,whereas for actual operation with a given stator the,
mass flow will remain constant and the strdor exit flow angle
a3 will vary. The tiect of this discrepancy on rotor entrance
Mach nuniber M,,s is ahown in figure 5; the error is com-
paratively small. The presence of tvvo lines of oonstant
stator exit flow angle a3in figure 5 permits the,devhtion of the
stator exit flow angle to be estimated from comparative
distmices separating the lines. Because this error introduces
only a small discrepancy into the results, the stator e.ut flow
angle ~ Was,for simplicity, aemmed to be independent of the
tangential velocity parameter Vti~/a~,,1.
~ ~ect of manufacturing errors.-Figure 4 shows that k-
creasing the ‘mea.ratio A.J& increases the rotor entrance
Mach number M,,* for any given value of blade speed
parameter U/aL.l. In order to examine in greater detail
the variation in rotor entrance Mach number M,~ with
manufacturing errors in area ratio AJA2, equation (20) was
dMerentiated ivith the qualification that area ratio A4/A~,
blade speed parameter Z7/aL.1, and stator exit flow angle as
are independent variables. k formulating the desired rela-
tion, the following identity was employed:

* y$j=-(q:&
er.

. .

Evaluation of the four factors on the right aide of equation
(21) by means of equations (17) and (2o) yields the following
expression for the manufacturing-error parameter:

A, hM, S .

(2)

Tfi parameter~ ~ A: wherein termed “manufacturing-

T
error parameter.” For small changes in area ratio A4/Aq
such as might occur during turbine manufacture, the manu-

A. ?)M, s
facturing-error parameter — - can be used to estimate

As a AA
(JT

the changa “mrotor entrance Mach number Mrs. Equrdion
(22) has been plotted in figure 6 in order to show the variation

A, hM~,3
in manufacturing-error paiameter —AX a Ad

()

with tangential

z

veloclty prwameter VWs/a:,~, blade spe6d parameter U/Ul,,I,
qnd stator exit flow angle cu.
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Tho following emmple illustrates the use of the manu-
facturing-error parameter in estimating the effect of errors
in area ratio on rotor entrance Mach number for a stator
exit flow angle m of 20°; a tangential velocity parameter
V.,da~,,* of 1.2, and a blade speed parameter U/a~,,,of 0.69.
Figure 6 shows that the manufacturing-error parameter

Ad hM, z .— - IS 1.5, and figure 4 indicates that the rotor en-

()
A2 ~ A4

Kg

trance Mach number M,z is 0.71. If, in the come of
. turbine manufacture, the rotor throat area A4 is made 1 per-

cent greater thrmthe design value and the stator throat area
A2 is,made 1 percent smaller than the design value, the area
ratio A4/Az is increased by approximately 2 percent. The

, increment in rotor entrance Mach number M,J associated
with this change in area ratio A4/Azcm be estimated horn

“’3”W’WW1
I I I

Manufacturing-error
parameter,

~ 3M,3

~

()

a$

1!4

1.3

~.

3
9-

.
2 1,2
z

;
a

$j

=1 J -
I

=
s
m

$
/

I.0

I r
. .— ..— /

Stotor &&q Iim it - -

,9 [a)

.4 5 .6 .7
Bbde 3peed parameter, UlrJ&, I

8

(a) Ststor exit flow angle, 20°.

whicli, for this case, is 0.03. Thus, the rotor entrance Mach
lumber ~~,s will be increased to approxinmtely 0.74 for
]peration of the turbine at the design value of blade speed
prameter.

Effeot of blade spee”d on rotor entrance conditions.-l’or
most of the range presented in figure 4, increasing the blade
speed parameter U/al,,I at constant area ratio AJA2 cor-
responds to decreasing the rotor entrance lMach number
M,.3. Ii order to exwnine in greater detail the range of
conditions for which this relation is true, equation (2o) vm.s
differentiated with the qualification that area ratio A.@,
blade speed parameter V/aL.1,rmd statcr exit flOW wje %

are independent variables.. The result of this differen-
tiation is

1%

I I I 1 1 I I I I

1+-H4?H+
1.4

El 1’5

/ I

.8

/
StatorChotirq limit

(b)
.8; I I I I I I I I

.5 G .7 n.. .- .u
Blade speed Par;meterl Ujo;r,, ““

(b) Stator &it flow angle, 30°.

FIGURE 6,—Effeot of rnanufaataring errore in throat areas on rotor entrance Mach number for choked etator followed by ohoked rotor (eq. (22)).
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where the relative-absolute temperature ratio Z/Z” is
stated in equatioh (16), and, by combination
and the detition of critical veloci~ a:,

of equation (9)

(24)

( -%9With the singIe exception of 1 ev&y factor on the

right side of equation (23) is positive at the entrance to any
turbine rotor. Therefore,

A reaction factor ,$, is deiined

For choking in the rotor,

Equation (26) therefore reduces to

()a~r.s 23+4=~ -1

(26)

(27j

Because \

~M.s
~ >0

()d“ -#.,.
differentiation of equation (27) and combination of this
result with equation (25) yield the following:

“% ‘1 ‘1 ‘1
(28)

‘hen * ‘0 >Q ‘<Q
(J%

From the geometry of the vector diagram in figure 1,

v.,~ tan as=
(

vu., u .
am,* )

~—~ tan 133
cr. cr.

or
tfma$tan @s= ~ (29)
——

1 v.,,

Equation (29) is plotted in @e 7 for two values of stator
exit flow angle a3. The lines of constant area ratio AJAJ
shown in the region above the statm choking limit are

COMWTI?EE FOR AERONAUTICS
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lhc+~ 7.—Relation among area ratio, rotor entmnce angle, and
velocity parametem at exit of choked stator followed by ohokod
rotor (eq. (29)). For Iimx3 of constant area ratio, equation (17)
applk above 8tator choking limit and equation (50) appliesbelow
etator ohoking lfmit.

reproduced from figure 3, whereas the extension of them
lines into the region below the staiwr choking limit has been
accomplished by means of a relation yet to be developed
(eq. (50)). Along a Iine of constant area ratio A/At for a
given stator. exit flow angle a3, increasing the blade speed
parameter U/aL,, increases the rotor entrance flow angle
I&. Increased values of rotor entrance flow angle Sa cor-
respond to reduced anglw of attack on the rotor blodea and
reduced amounts of turning by the rotor.

A consideration of equations (25) and (28) and figure 7
indicates the con@ions for which a turbine should be
designed if that turbine is to be operated over a range of
blade speed parameter U/a:,,,. The values of rotor entmnco
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hXJRE 7.—Concluded. - Relation among area ratfo, rotor entrance
tingle, and velocity parameters at esit of ohoked atator followed by
choked rot or (eq. (29)). For Iinm of constant area ratio, equation
(17) applies above stator chokfng limit and equation (50) applies
below ststor chokfng limit.

Mach number M,, ~,reaction factor @,, and rotor entrance
flow angle & me factors which are commonly considered to
havo critical effects on turbine efficiency. For turbine stages

ham ~> 1, small increases in blade speed parameter

U/aL,,I cause the magnitude of each of these factors to
become more favorable. On the other hand, large jncrewxx
in blade speed parameter U/a~,,1will result in large negative
angles of incidence and thus poor performance. Unless this
is the case, the turbine should be designed for the lowest
anticipated value of blade speed parameter Ufai,,1 in order
that satisfactory rotor performance may be guaranteed for
the required range of operation.

Itecapitulation.-This analysis

459
of conditions between a

choked stator and a choked rotor, indicates those factors
which control the flow conditions between the stator and the
rotor, namely, blade speed parameter U/a~.~, area ratio
AJA2, and stator exit flow angle CY,. The importance of
maintaining proper values. of stator and rotor throat axeas
in turbine manufacture thus becomes apparent if the rotor
entrance conditions are to be preserved. The sensitivity of
rotor entranoe Mach number .M,,s to manufacturing errors
in area ratio &/A2 was determined; agd rotor entrance Mach
number M,, s was found to be only moderately sensitive to
errors in area ratio ~A2, even in the neighborhood of the
stator choking limit. The variations in rotor entrance
Mach number M,,3, rotor entrance flow angle&, and reaction
factor #4 with blade speed parameter U/al,,, were” deter-
mined. For the common range of design, for which T~x.3> U,
each of these factors becomes more conservative as the blade
speed parameter U/a>.l is increased.

CHOKEDEOTOBFOLLOWBDBY ~OERD STATOR

Stator entrance tangential velocity parameter,-The analy-
sis of flow between a choked rotor and a choked stator is
essentially the same as that for a choked stator followed by a
choked rotor. The stator entrance tangential velocity
parameter Vu,~a~,smay be. determined from a modification
of equation (6) in combination with equation (12).

With the blade speed parameter U/a~r,5and the area ratio
AJ& considered independ~t variables, equation (3o) may
be differentiated to yield

(31)

Because, almost without variation,

v ( ,)a ~&
y< 1 then as a result

~G>”
()

{32)
~
am,

Rotor exit tangential veloci~ parameter.-In the same
way,

+=-+{%+% %[1-($=1} ’33)
w
a.r,4

and

(34)
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Equation (34) shows that

w.
‘f–u =1 >1 <1

~ Wti .
()

_
then =0~?

L)

>0 <o
~.

(35)

Figure 3 can be interpreted as a graphical representation of
ecmation (33) if. . .

–y.,,
~ is replaced by

cr. a.,.,

~ is replaced by ~

v., . ‘ –w.,.~ E replaced by ~

Stator entrance Macrhnumber,-The absolute Mach num-
ber at the stator entrance M’,J maybe expressed in a form
similar to equation (20)

I Equation (36) may be revised to read

-1.2
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FImJEE S.—Relation mnong area ratio, stator entrance MauII number,
and velocity parameters at exit of choked rotor followed by choked
stator (eqs. (36) and (37)). For lima of constant area ratio, equa-
tion (33) applia above rotor choking lim”t and equation (50) appli-
below rotor choking limit.

(37)

The radical in equation (37) represents the tangential veloc-
ity parameter V-, ~a~,b. For the conventional range of
design, the negative sign should be used.

In iigure 8, equation (37) is plotted for values of rotor
exit flow angle Brof 140° and 160°. Lines of constant area
ratio &/& were plotted by using equation (33). For most
of the range of these maps, the stator entrance Mach num-
ber M.& decreaaes as the blade speed parameter U/a~,,4is
increased along a line of constant area ratio AB/&. For a
velocity ratio – Wti~/U of unity, each line of constant
stator entrance Mach number AI, J reachea a maximum and
each line of constant area ratio Ae/~ reaches a minimum.

With the blade speed parameter U/a~,,,, the area mtio
A&L, and the rotor exit flow angle ~, considered to be
independent variables, equation (36) was diflerentirked to
yield

,. L,

The similarity betwean equations (23) and (38) is immedi-
ately apparent. Because for any practical turbine

~<o .
or, /

anequatiori similar to equation (26) may be written.

– ?V.,S
Ifu =1

k

>1 <1

~hon aiw.s
au

()

=0 <0 >0
7em.,

Ii like manner, an equation similar to equation
be written.

(39)

(28) m~y
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FIGURE 8.—Concluded. Relation among area ratio, stator entranca
Maah number, and velocity parameters at exit of ohoked rotor

followed by choked stator (eqs. (36) and (37)). For lines of constant
area ratio, equation (33) applieaabove rotor choking limit &d
equation (60) applies below rotor choking limit.

=H-F-H’40)
Iteoapitulationc—For a choked rotor followed by a choked

stator the flow conditions between the rotor and the stator
hmve essentially the same characteristics as the flow behind
rLchoked stator which is followed by a‘ choked rotor. The
principal variables controlling the flow conditions are the
blade speed parameter U/a~,,,,the area ratio &/&, and

the rotor exit flow angle & As for a choked stator folIowed
by a choked rotor, the flow conditions at the entrance to a
choked stator which follows a choked” rotor are generally
improved by increasing the blade speed parameter U/a~r,,.

STAGEHAtING CHOKBD STATOR AND FOLLOWED BY CEIOEBD .STATOR

For choking at ~tations 2 and 6 (see fig. 1), equation (6)
may be modified to read

(41)
.

Equation (41) shows that for a stage having a choked stator
and followed by a choked stator the stage temperature ratio
T~T~ depends upon only the area ratio AJA, and is thus
independent of the blade speed parameter. If either of the
stators is not choking, however, the stage temperature ratio
T~T~ is a function of blade speed parametep as well as
arearatio. The significance of area ratio &/A2 in determining
the stage temperature ratio ~JT~ emphasizes the impor-
tance of maintaining the proper throat areas during turbine
manufacture.

Differentiation of equ~tion (4I) gives “

The fractional error in stage temperatureratio T~/T~is thus
about 0.3 the fractional error in area ratio &/Ag. For a
~ical stage temperature ratio T~/Ti of 1.2, the fractional
error in turbine equivalent work is then about 1.5 the frac-
tional error in ar& ratio &/A, for a st&e having a choked
stator and followed by a choked stator.

TUEB~E HAVINGCEOEEDFIRSTSTATORANDCHOKEDLASTROTORAND
FOLLOWED BY CHO~ EXHAUST NOZiZE

For choking at stations 2, 8, and 10
(6) can be rewritten

l(y-1)

:=(4$=

8

and

T; & 2%-
(–)~=A,

(see fig. 1), equation

,

(43)

(44)

Rewriting equation [12) results in

I&= ~ --(‘y-1 u z%, u——P, )
—— (45)

7+1 (2=,9 U:,. (2:,9

Combining equations (43), (44), and (45) with the definition
of critical velocity a;, yields

‘-1 “ -NW%)] “’)[alr,l—3 ~ 7—1 U
and

2(-f-1) 2(7-1)

W“(*J 7: -(+) 7+’
(47)
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(a) Relation among temperhmdrop ratio, nozzle-fstatir area ratio,
rotor-stato~ mea ratio, and nozzk-rotor area ratio (eq. (47)).

(b) Relstion among ternpemtu~rop ratio, blsde speed parameter,
m~ tangential velocity parameter (eq. (46)). .

FIGURE 9.-Conditions for choked first stator, last rotor, and exhaust
nozzle.

Equations (46) and (47) are plotted in figure 9. The blade
speed parameter U/&., is in close agreement with equivalent
blade speed U/~ if the blade speed parametar is based on
the entrance value of oritical velocity a~., rather than .on
a~,,o. The tangential velocity parameter V=,O/a~,.I is also
based on the entrance value of critical velocity a~,l in order
that the kinetic energy T&/2gJ may more easily be related
to the turbine work.

The use of figure 9 is illustrated by the following exdmple:
Consider the operation of a turbine with a rotor-st.ator area
ratio AJAl of 2.0, a nozzle-stator area ratio A1~A9 of 2.3,
and a blade speed parametw Ulal,.1 of 0.472; for ~~e
conditions, the tangential veloeity parameter V=,@~r,1 is O.
If the nozzle-stator area ratio A*dAq is increased from 2.3 to
2.6S, the rotor-stator area ratio AJA~ and blade speed
parameter U/a[,., being held constant, the tangential velocity
parameter vu. s/a~,,, decreases flom O to –1.0. If the
tangential veloci~ parameter Vu,O/a~,,lis to be incr-ed to
O, the blade speed parameter ‘U/a~,, must then be increased
horn 0.472 to 0.677.

In order to illuslxate the tiect of adjusting the throat area
A, of a choked turbine stator on turbine exit conditions,
figure 9 includes lines of constant nozzle-rotor area ratio
AldAS. If the area of only the first turbine stator is changed,
the turbine operation will be along a line of constant nozzle-
rotor area ratio AIO/AS. If the areas of the tit statm and
the eshaust nozzle are varied simultaneously, the combined
effect of such a variation on the temperature-drop ratio
(~–T[)/X em be determined by changing both the-rotor-
stator area ratio AJA2 in inverse proportion to the change in
stator area and the nozzle-rotor area ratio Alo/A8 in direct
proportion to the change in nozzle area. If the concomitant
change in blade speed parameter U/a~,,1 is also known from
required conditions of engine operation, the effect of this

.

variation on

FOR

the

M3RONAUTICS

tangential velocity parameter VU,g/a~,,1
can be determined.

Ifecapitnlation,-The over-all temperature ratio Z’~/Tl
across the turbine is shown to depend on only the nozzle-
stator area ratio AIJAj, and it is thus independent of tlm
blade speed paxameter ZJ/a~,., or the blade profile design.
Figure 9 permits variation in the turbine-exit conditions to
be approximately estimated for changea in blade speed
parameter U/a~,.land adjustment of the turbine stator mid
exhaustaozzle areas.

NONCHOKSD STATOB FOLLOWED BY CROKED ROTOR

Stator exit tangential velocity parameter.-l’or choking
in the rotor and absence of choking in the stator, equation (8)
rather than equation (6) is appropriate. For subsonic flow
at the stator exit, the assumptions were made that

v,= v,
dm _.

dv..3 }

(48)

For a perfect gas,
1

‘~=[’-wErrR “’)pl(z.,.l

For subsonic stator exit conditions, equations (8), (12), (48),
and (49) were combined to yield

which is plotted in @e 10 for two values of stator exit flow
angle a,. At the stator choking limit,

&v:.3 Sec*= ~
q,,~ a,,.~

Under this condition equation (5o) reduces to equation (17).
Differentiation of equation (6o) and inchsion of equotions

(16) and (24) yield

~$() ~v=,,——
a=, ~ .

()a~
er. l+$w’-(%i;se“1)

At the stator choking limit, equation (51) reduces to equation
(18). Because for the subsonic case the denominator of this
&pression is always positive,

if
+“

- M~
=1 >1 <1

()
.a ~

then -= o <o >0
a (~ )

(62)

Thus, just as for a choked siwtor, the tangential velocity
param$er V.. Ja:, ~ is a minimum if the velocity ratio
v..*/uls 1.

,“
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Effeot of manufacturing errors.-k order to make a com-
plete presentation of the effect of manufacturing errors in
throat areas upon rotor entrance MrLchnumber for a tur-
bine stage having choking flow in the rotor, the case of a
nonchoked stntor followed by a choked rotor was analyzed
in a manner similar to that used in the derivation of equa-

tion (22). Oncg again, equation (21) was used; evaluation
of the four factors on the right side of this identity was
made this time by means of equations (20) and (50) to
yield the following expression for the manufacturing-error
parameter:

.

.

Equation (53) was plotted in figure 11 in the region below
the strdor choking limit; figure 6 was reproduced in the
region above the stator choking litit to complete the presen- 1

tation. At the st.ator choking limit
equations (22) and (53) ooincide.

(i.e., VS3/rZlr,l=COSas),
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The rotor entrance Mach number is frequently, but
erroneously, considered to be extremely sensitive to &rors
in area ratio ~/A2 as the stator exit Mach number VJ%
approached unity. Figure 11 shows that at this stator
choking limit, the values of manufacturing-error parameter
A stir,,

—

Za &()
remain fiite and exhibit no marked variatio-ns

A,
even in the immediate neighborhood of this limit. It may
therefore be concluded that at the choking limit the rotor
entrance Mach number is not extremely sensitive to smill
cbangea in area @io AJAZ.

Speoiflo-mass-flow parameter.-Equations (8) and (12)
were combined to determine the specibmass-flow param-
eter iii where

. (64)

Equation (541 was used in combination with the computw
tions for’ figure 10 to plot *e 12. For values of area
ratio zQAJ Suf6ciently large to produce choking in tlm
stator, the speciiic-mass-flow parameter Z is, of courm,



OND-DIMENSIONAL ANALYSIS OF CHO~D-FLOW TURBINES 465
.66,

Area
ratia,

4442

stow ChcMq limit—. —. — .— .— - (.5

.62 ~.

/

.58 .

1.1

.54

Velody ratla, /

13 v0,3/u=I
*.
al
5
E (ala
& . /
3
s
$

2%
b

Area
~ mtio,

W4
i

Statar chaklng limit I .5—- —- —- -—

,62
—

~ / 1.3

/

58
/

.54

Velocity mtia, /

%,3/u = 1

(b) .

5c& .5 .6 .7 .s
Blade speed parameter, U/u&I

(a)SW.ar exit flow angle, 20°.
(b)Sta@r exit flow angle, 30°.

FIr.wrm 12.—Variation of speoific-mws-flow parameter &h blade
speed parameter and area ratio for nonohoked stator followed
by ahoked rotor (e,qs. (50) and (54)).

independent of blade speed parameter U/a&1 or area ratio
&/Az (see eq. (4)). For ordinary variations in blade speed
pnrnmetex Z7/air,l,the variation in specific-mass-flow pa-
rameter D is comparatively small. The rate of variation
in specific-mass-flowparameter Z with blade speed parameter
U/a~r,lmay be determined by differentiating equation (54)
and combining this result with equation (51), that is,

Bkxle speed parameter, U/U:r,l

(a)t3Wor exit flow angIe, 20”.
(b)Stator exit flow angle, 30°.

FIGURE 13.—Rate of variation of specifia-rnas-flow parameter with
blade speed parameter for nonohoked stator followed by ohoked
rotor (eq. (55)).

Equation (55) is plotted in figure 13 for two values of stator
exit flow angle c+ For the conventional range of design,

u
~

the factor %#
m

()

is between O and —0.06. From
a~

cr.

equation (55),

if %
=1 >1 <1

u
() a;

then & — - =0 <o >0

()wag &.1

or at the stator choking limit

and thus

(56)

(57)

&aJyeis of conditions between a non-Itecapitulation.—
ohoked stator and a choked rotor indicates that those factors
which control the flow conditions between the stator and the
rotor are the same as those for a choked stator followed by a
ohoked rotor, namely, blade speed parameter U/a&,,, area
ratio AJAZ, and stator exit flow angle %. The sensitivity of
rotor entrance lMach number lAZ,,sto “manufacturing errors
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in area ratio AJAS was determined; rotor entrance Mach
number J1,,3 was found to be only moderately sensitive to
errors in area ratio AJA2, even near the stat.orchoking limit.
The variation in specilic-mass-flow parameter 75 with blade
speed parametez U/a~,,I was determined.

TEST-DATA ANALYSIS FOE A TWO-STAGE TURBINE

The analyais of turbines having choked or nonchoked
stators provides an understanding of flow processes in
choked-flow turbines which permits some general observa-
tions to be made for turbines of this class. In particular,
criteria can be set down which will aid in establishing from
test data of single-stage or multistage turbines which blade
rmw are choked and which are not. The following analysis
considem a two-stage turbine such as that in ilgure 1, but
such rmanalysis maybe extended to apply to any number of
turbine stages.

For a given value of ratio of specific heats y, equivalent
weight flow w@l/6~ for any particular turbine is directly
proportional to specifiemass-flow parameter Z. Similarly,
equivalent blade speed U/~ is proportional to blade speed
parameter U/a~r,,. The results of the preceding section can
thus be employed to predict the manner in which the equiva-
lent weight flow of a given type of turbine ~ vary with
turbine operating conditions.

From the test data, equivalent weight flow-at the eritrance
to each stage, namely, ~~tii and w&./& shouIdbe plotted
against either the stagnation-pressure ratio pijp~ or the
stagnation-static-pressure ratio p;/pB with line9 of constfmt
equivalent blade speed U/l@. In the discussion which
follows, it will be assumed that the stagnation-statiepressure
ratio p~po is employed. These plots should then be ex-
amined in order to determine whether one or more of the
following conditions are satisfied:

(w

.
a+

(1) If ‘, >0, the flow is not choked. If the pres-

()
afi

P9
sureratio can be made sufficientlyhigh, at least one blade row
in the turbine w-illchoke. For allhigher pressureratios,

(7
a-#

1 _—

()

0.
a~

P9

(4

w 0:

(2)IIa ‘?

()

>0, the flow is not choked downstream of
afi

P9
station 5, that is, in either the second stator or the second
rotor. If the pressure ratio can be made sufEcientIy high,
choking will occur at some station downstream of station 5.

a
(9

w 0:

For all higher pressure ratios, T

()

=0. Under this
a$

condition, the flow may or may not be choked upstream
of station 5.

(3) If

(“7w esaT
choked. If, in addition, . 6 >0, then the fit rotor is

(P’)
afi,

9
the only blade row. ivhich is choked.

radius Vu,3/U# 1, then the first st&or is choked.

not choked and the second rotor is choked. The preceding
blade rows may or may not be choked.

radius V%7/Z7#1, then the second stator

and at tho mean

is choked.
IZeoapitulation,-These six criteria will in some casea

permit discrimination between choking and nonchoking blade
rowE, but whether or not a particular blade row is choking

aF’)w 01
xcannot always be determined. For example, if

()

=0
ad

PO

and L “1 ‘=0 and the stator exit velocity ratio Vti,3/Uau
()z

at the mean radius is nearly equal to 1, then whether or not
the ii-at stator is choking cannot bh detehed from this
test (see eq. (56)).

Even if the fit stator is not choked, variations in.equiva-
lent weight flow with blade speed may be difiicult to deteot,
Figures 12 and 13 indicati for a nonchoked stator followed
by a choked rotor the amount which the speoiiic-masa-flow
parameter ?5, and thus equivalent weight flow ~/L$l, will
vmy with blade speed pmarneter U/a~,.1 or, alternatively,
equivalent blade speed U/@ for constant amount of loss in
the turbine. Whether or not the variation in equivalent
weight flow can be detected will depend on the range of blade
speed for which the rotor is choked and on the precision of
measurement.
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Any static-pressure measurement within the turbine can

also be used to indicate whether or not the flow is choked
downstream of the measuring station. For example, if
b@/pJ
—= O,then one of the throatddownstream of station 3 isaQj/p~
choked. If for this condition the second rotor is not choked,

WJP7) _,#o.this nonchoking can be recognized because ~
a~~p,)

TURBINE STATOR ADJUSTMENT

An analysis is needed in order to e%duate the effects of
turbine stator adjustment on flow conditions within turbines.
Such cm analysis, @ich provides a means for determining
the range of usefulness of turbine stator adjustment within
aerodynamic limits on internal flow conditions, is presented
in the following paragraphs.

Stator adjustment provides an extension of the range of
effective turbine operation. When stator adjustment is
employed for this purpose, the relation among the turbine
operating parameter and the stator setting will depend on
the specific application of stator adjustment to be considered.
The analysis presented is therefore based on ord~ one applica-
tion of turbine stator adjustment, and the results are thus
useful in appraising turbine stator adjustment for only this
application. This general method of analysis may, of course,
be employed to study turbine stator adjustment for other
applications.

Type of application.—For some applications of turbojet
engines, operation of the engine at constant compressor
pressure ratio and constant equivalent rotative speed may
be desirable. In comparison with the takedl value of
engine temperature ratio (turbine inlet temperature to com-
pressor inlet temperature), low values of engine temperature
ratio may result from reduced turbine irdet temperature or,
for flight at high flight Mach numbers, from increased com-
pressor inlet stagnation temperature. A turbojet engine is
therefore considered to be operated in the following manner:

(1) The engine equivalent rotative speed based on com-
pressor inlet conditions is constant.

(2) The cempreasor pressure ratio is constant.
(3) The engine temperature ratio is varied.
Analysis.—Operating an engine in this way will require

adjustment of both the- turbine stator and the exhaust
nozzle; the equivakmt weight flow of the compressor will
remain constant. These conditions can be expressed in
equation form

(58)

1=1
c.

(59)

?i=m
P.

(60)

1 where k, 1, and m are constants. Combining equations (58)
I to (60) giVe9

I or, neglecti& variations in -Ywith engine operating conditions,

For operation ‘under the specified conditions, the square of
the blade speed parameter (Z7/aj,,J* is inversely proportional
to the engine temperature ratio @/~.

Discussion.—For choking of the turbine stator, thi~eciiic-
masw-flow parameter p2VJp[a;,.~ is a constant. The re-
quired variation in area ratio AJ4 is thus proportional to
the variation in the reciprocal of blade speed parameter
U/a~r,~.

For conditions other than those for Tvhi&’ the turbine
stator Chokes: the variation in specific-mass-flow parameter
pzVz/P~a~r,~ must be taken into account. For the purposes
of this analysis, the turbine rotor was assumed to be choked.
A cxitical stator exit flow angle G, ~vw deiined as the maxi-
mum value of stator tit flow angle a3 for which the stator

“is choked. Then equations (8), (12), (49), and (61) were
combined to plot figure 14 for two values of critical stator
exit flow angIe am,S.

In figure 14, the lines of constant blade speed parameter
U/a&.lare straight lines through the origin with slopes equal
to al,. JZ7. In the region of stator choking, which is below
the stator choking limit line in figure 14, the line9 of constant
area ratio A2/& are independent of criti”calstator tit flow
angle a., a. A comparison of &ures 4, 10, and 14 indicates
that the more critical rotor entrance Mach numbers occur
at high values of bhule speed parameter U/aL,,1, which cor-

p2~A2Ujj~ (a;,,l)2~

(a) Critioal stator exit flow an~e, 15°.

I?rcmrm14.—Variation in stator exit flow conditions m“tb stator setting
for comtant valum of compmswr equivalent blade speed and
compr~r prwaure ratio.
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&I) Critical ststor exit flow angle, 2S0.

FIGURE14.-Concluded. Variation in stator exit flow conditions with
stator seting for constant values of comp~r equivalmt blade
speed and compxwwr pressure ratio .

respond to low engine temperature ratio. The variation in
rotor entrance conditions with stator setting can be deter-
mined from plots such as those in iigures 4, 10, and 14.

EFFECT OF VARIATION IN ENTROPY

Although for this analysis the flow through turbines -was
assumed to be isentmpic, the analysis is readily adaptable to
include those cases having variations m entropy s. For a
perfect gas which undergoes an entropy change, equation (6)
becomes

(62)

The area ratio A,/~ in equation (6) is thereby changed to

(9–
?’+1 J(81-a4)

$= # 2(’-’) e R
(63)

that is, the &ange in area ratio is proportional to the factor
.

tiA’JE,where

FOR AERONAUTICS

AS is the entropy change between the two
stations beti ecmsidered. --

Values of Z or pSV~pla&1 taken from the figures or
used in the equations must be multiplied by the factor
eJ%-’#lE to obtti the spetic-maas-flow parameter. Because
the stagnation temperature relative to a blade row rem&s
constant irrespective of any increase in entropy across the
blade row, no adjustment in any of the velocity parametem
is necessary. Except for the adjustments in areu ratio and
speci.iic-mass-flowparameter, the remainder of the analysis
presented herein is unchanged.

- CONCLUDING REMARKS

Turbines having choking flow were investigated by means
of a ,one-dimensional analysis ba4ed on isentropic flow. This
analysis indicated that the area ratios, equivalent blade
speed, and blade-row exit flow angles are the factors which
control design and operation of such turbixies. I?or the
usual class of turbine, increasing the equivalent blade speed
of a given turbine makes the internal flow conditions become
less critical. Flow conditions within choked-flow turbines
are not unusually sensitive to manufacturing errors in ma
ratio even near tie stator choking limit. Six criteria are
stated that will aid in establishing from test data of turbines
which blade rows me choked- and which are not. l?or a
turbine equipped titi an adjustable stator, the variation in
internal flow conditions -iviti operating conditions is deter-
mined for one application of stator adjustment. A method
is described for extending, the analysis to include flow hmving
variations in entropy.
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